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Answer all questions. You should justify your answer and show all details.

1. (10 points) Find the area enclosed by the lemniscate 2 = 4 cos 26.

2. (15 points) Convert the iterated integral

oI pvV2 pV/A=TZ
/ / / zr dzdrdf |
0 0 V)

into (a) an iterated integral in dzdzdy and (b) in spherical coordinates. Then evaluate

this integral in any way you like.
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where D is the region bounded by 2y = 1,2y = 8,y = /z,y = 5z, =,y > 0.

3. (10 points) Evaluate

4. (10 points) Let P be the paraﬂelogram formed by the lines z +y = -1,z +y = 2,y =
2z,y = 22 + 5 and -y its boundary oriented in anticlockwise direction. Find the flux of
the vector field F' = zyi + xj across « and the circulation of F' around ~.

5. (10 points) Consider the cycloid z =t —sint,y = 1 —cost ,t € [0, 27]. Find (a) its length
and (b) the area enclosed by it and the z-axis.
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6. (15 points) Let
_ Y :
T2 +y21+ 2 + y23’
which is defined in the plane except at the origin.

(a) Prove that H is not conservative in {(z,v) : (z,¥) # (0,0)}.
(b) Prove that H is conservative in the right half plane {(z,y): z > 0}.

(¢) Find the work done by H along C, a smooth curve running from (10, 10) to (v/3,1)
in the right half plane.

7. (10 points) Let G be a smooth vector field defined in the plane away from the origin,
Assume that it satisfies (a) G(r) points toward the origin at every point r = zi+yj+ 2k,
and (b) its magnitude only depends on its distance to the origin, that is, |G(r;)| = |G(r2)]
whenever |ry| = |rg].

(a) Show that G is of the form g(|r|)r for some negative, smooth function g defined in
(0, 00).

(b) Show that G is conservative and find its potential function.

8. (10 points) Consider a simple curve sitting in the right half zz-plane parametrized by
z(t)i+ z(t)k, t € [a,b]. Rotate it around the z-axis to get a surface S.

(a) Show that the surface area for S is given by

o / ba:(t)«/m”(t) T 22(t) dt .

(b) Find the surface area of the torus which is obtained by rotating the circle
(r—a)?+22=7% 0<r<a,
around the z-axis.

9. (10 points) The plane 3z + 2y + z = 6 intersects the coordinate axes to form a triangle
in the first octant. Its boundary C is oriented in the anticlockwise way as viewed from
above. Use Stokes’ theorem to evaluate the line integral

%F-dr,
c

where F = zyi 4+ yj + zzk .

--- End of Paper ---
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